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Introduction
In 1960, Sierpiński [25] showed that there are infinitely many odd natural numbers k with the property that 2 n k + 1 is composite for every natural number n; such an integer k is called a Sierpiński number in honor of his work. Two years later, J. Selfridge (unpublished) showed that 78557 is a Sierpiński number, and this is still the smallest known example.
1
Every currently known Sierpiński number k possesses at least one covering set P, which is a finite set of prime numbers with the property that 2 n k + 1 is divisible by some prime in P for every n ∈ N. For example, Selfridge showed that 78557 is Sierpiński by proving that every number of the form 2 n ·78557 + 1 is divisible by a prime in P := {3, 5, 7, 13, 19, 37, 73}. When a covering set is used to show that a given number is Sierpiński, every natural number in a certain arithmetic progression (determined by the covering set) must also be Sierpiński; in particular, the set of Sierpiński numbers has a positive lower density.
If N is a prime number, Fermat's little theorem asserts that a N ≡ a (mod N ) for all a ∈ Z.
Around 1910, Carmichael [9, 10] initiated the study of composite numbers N with the same property; these are now known as Carmichael numbers. In 1994, Alford, Granville and Pomerance [1] proved the existence of infinitely many Carmichael numbers. Since prime numbers and Carmichael numbers share the property (1), it is natural to ask whether certain results for primes can also be established for Carmichael numbers; see, for example, [2, 3, 5, 14, 20, 29] and the references contained therein. Our work in this paper originated with the question as to whether there exist Sierpiński numbers k such that 2 n k + 1 is not a Carmichael number for any n ∈ N. Since there are many Sierpiński numbers and only a few Carmichael numbers, it is natural to expect there are many such k. However, because the parameter n can take any positive integer value, the problem is both difficult and interesting. Later on, we dropped the condition that k be Sierpiński and began to study odd numbers k for which 2 n k + 1 is never a Carmichael number. Our main result is the following theorem.
Theorem 1. Almost all odd natural numbers k have the property that 2 n k +1 is not a Carmichael number for any n ∈ N. This is proved in §2. Our proof uses results and methods from a recent paper of Cilleruelo, Luca and Pizarro-Madariaga [11] , where it is shown that the bound n 2
holds for every Carmichael number 2 n k + 1. Here, τ (k) is the number of positive integer divisors of k, and ω(k) is the number of distinct prime factors of k. To give some perspective on this result, let v 2 (·) be the standard 2-adic valuation, so that 2 −v 2 (m) m is the odd part of any natural number m. Theorem 1 implies that the set k = 2 −v 2 (n−1) (n − 1) : n is a Carmichael number has asymptotic density zero. 2 By comparison, Erdős and Odlyzko [15] have shown that the set
−v 2 (p−1) (p − 1) : p is a prime number has a positive lower density. Since the collection of Sierpiński numbers has a positive lower density, the following corollary is an immediate consequence of Theorem 1.
Corollary 1.
There exists a set K ⊆ N of positive lower density such that for any fixed k ∈ K, the number 2 n k + 1 is neither prime nor Carmichael for each n ∈ N.
Riesel numbers have a similar definition to that of Sierpiński numbers. An odd natural number k is called a Riesel number if 2 n k − 1 is composite for all n ∈ N. Such numbers were first investigated in 1956 by Riesel [24] . At present, the smallest known example is 509203.
3 It is known that there are infinitely many natural numbers that are both Sierpiński and Riesel. Using recent results of Matomäki [20] and Wright [29] coupled with an extensive computer search, we prove the following result in §3.
Theorem 2. Infinitely many natural numbers are simultaneously Sierpiński, Riesel, and Carmichael. In fact, the number of them up to x is x 1/5 for all sufficiently large x.
Let ϕ(·) be the Euler function, which is defined by ϕ(n) := n p | n (1−p −1 ) for all n ∈ N; in particular, one has ϕ(p) = p − 1 for every prime p. In 1932, Lehmer [19] asked whether there are any composite numbers n such that ϕ(n) | n − 1, and the answer to this question is still unknown. We say that n is a Lehmer number if n is composite and ϕ(n) | n − 1. It is easy to see that every Lehmer number is Carmichael, but there are infinitely many Carmichael numbers which are not Lehmer (see [4] ). We prove the following result in §4.
Theorem 3. Let k be an odd natural number. If 2 n k + 1 is Lehmer then n 150 ω(k) 2 log k.
Remark. The situation for Lehmer numbers of the form 2 n k − 1 is trivial. Indeed, when N := 2 n k − 1 is Lehmer, then ϕ(N ) | N − 1 = 2(2 n−1 k − 1). For n 2 this implies that 4 ϕ(N ), which is impossible since N is odd, squarefree and composite. Therefore, n must be 1.
Throughout the paper, we use log k x to denote the k-th iterate of the function log x := max{ln x, 1}, where ln x is the natural logarithm. We use the notations O, o, , with their customary meanings. Any constant or function implied by one of these symbols is absolute unless otherwise indicated.
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2 Proof of Theorem 1
Preliminary estimates
Let x be a large real parameter, and put
. . of negligible subsets of C(x), and for each j 1 we denote
Theorem 1 is the statement that C(x) is itself negligible; thus, we need to show that C * j (x) is negligible for some j. Let Ω(n) be the number of prime factors of n, counted with multiplicity, and put
Since log 2 x is the normal order of Ω(n) over numbers n x, it follows that
In fact, using the Turán-Kubilius inequality (see [27] ) one sees that |N 1 (x)| x/ log 2 x, and stronger bounds can be deduced from results in the literature (although they are not needed here). Using (3) it follows that
is negligible. Next, let Ω(z; n) denote the number of prime factors p ≤ z of n, counted with multiplicity. Set
with z 1 := (log x) 10 .
Since the normal order of Ω(z 1 ; n) over numbers n x is log 2 z 1 ∼ log 3 x, it follows that |N 2 (x)| = o(x) as x → ∞; therefore,
In what follows, we denote
and 
is negligible.
For each k ∈ C(x), let n 0 (k) be the least n ∈ N for which 2 n k + 1 is a Carmichael number. For any real X 1 let
and for any subset Q ⊆ N, let F(Q; X) be the set of k ∈ F(X) for which there exists n X with the property that 2 n k + 1 is a Carmichael number divisible by some number q ∈ Q. Lemma 1. If X and Q are both defined in terms of x, and one has
Proof. For fixed n X and q ∈ Q, if 2 n k + 1 is a Carmichael number that is divisible by q, then k lies in the arithmetic progression −2 −n mod q; thus, the number of such k x cannot exceed x/q + 1. Summing over all n X and q ∈ Q we derive that
as required.
Small values of n 0 (k)
Consider the set
where
According to Pomerance [22] there are t/L(t) Carmichael numbers that do not exceed t, where L(t) := exp log t log 3 t log 2 t .
Since the function f (k) := 2 n 0 (k) k + 1 is one-to-one and maps C 4 (x) into the set of Carmichael numbers not exceeding 2 X 1 x + 1, we have
In other words, C 4 (x) is negligible.
Medium values of n 0 (k)
Our aim in this subsection is to show that
is negligible. To do this, we define five more negligible sets C 5 (x), . . . , C 9 (x) and show that S(x) is contained in
As before, we put
Note that X 2 = x ε with this notation. Let N := 2 n k + 1 be a Carmichael number with k ∈ S * 4 (x) and n X 2 . For any prime p dividing N we have p − 1 | N − 1 = 2 n k (the well-known Korselt's criterion); thus, p = 2 m d+1 for some m n and some divisor d | k.
Now let P be the set of primes of the form 2 m d + 1 with m X 2 and d ∈ [y u , x], and let P 1 be the subset of P consisting of those primes p that divide at least one Carmichael number N = 2 n k + 1 with k ∈ S * 4 (x) and n X 2 . In view of the above discussion we have
Here, we have used the fact that 2 d 1 − 1 2 X 2 y l e X 2 holds for x > x 0 . Since p y u x 1/2 for all p ∈ P, it follows that
Using this inequality for |P 1 | we also have
Applying Lemma 1 we see that the set
Similarly, let P 2 be the set of primes of the form 2 m d + 1 with m log x and d y l . Clearly, for x > x 0 we have the bound
Therefore,
is negligible. We now take a moment to observe that for every k ∈ S * 6 (x) one has
2 log x , and so
and therefore, n 2(log x) The estimation in (4) shows that
as x → ∞. By Lemma 1 it follows that the set
is negligible. Next, let Q 1 be the collection of almost primes of the form q = p 1 p 2 , where
Here, M := 10 log 2 x and z 1 := (log x) 10 as before. Clearly, the bound
holds if x > x 0 , and thus
as x → ∞. Applying Lemma 1 again, we see that
is negligible. Similarly, let Q 2 be the collection of almost primes of the form q = p 1 p 2 , where
is divisible by some prime r > z 1 . We have
and therefore
By Lemma 1 the set
To conclude this subsection, we now show that S *
Suppose on the contrary that S *
be its factorization into (distinct) primes. Grouping the primes on the right side of (6) according to the size of d j , we set
For every prime p j := 2
10 log 2 x+1+(10/ ln 2) log 2 x 2 30 log 2 x = 2 3M .
Taking into account the bound (5), we see that
On the other hand, every prime p j := 2
is the largest divisor of d that is composed solely of primes z 1 [resp. > z 1 ]. The numbers {d + j } are coprime in pairs since k ∈ C 9 (x); consequently,
as the product on the left side is a divisor of k. As for the numbers {d
where we have used the fact that k ∈ N 2 (x) for the second inequality. Putting everything together, we derive the bound
for all x > x 0 . Combining (6), (7) and (8) it follows that
and therefore, n 2(log x) 0.9 . However, since n > X 1 = (log x)/ log 2 x this is impossible for large x. The contradiction implies that S * 9 (x) = ∅ as claimed.
Large values of n 0 (k)
Recall that a number k is said to be powerful if p 2 | k for every prime p dividing k. We denote
By the well known bound |C 10 (x)| x 1/2 , the set C 10 (x) is negligible. From now on, fix k ∈ C * 10 (x), and let n > X 2 := exp((log x)/ log 2 x) be such that 2 n k + 1 is a Carmichael number. Also, let p = 2 m d + 1 be a fixed prime factor of 2 n k + 1. For convenience, we denote
Since numbers of the form um + vn with (u, v) ∈ [0, N 1 ] 2 all lie in the interval [0, 2nN 1 ], and there are (N 1 +1) 2 such pairs (u, v), by the pigeonhole principle there exist (u 1 , v 1 ) = (u 2 , v 2 ) such that
Put u := u 1 − u 2 and v :
Replacing
From the congruences
we derive that
Therefore, p divides the numerator of the rational number
We claim that G = 0. Indeed, suppose on the contrary that G = 0. Since k and d are both odd, it follows that um + vn = 0 and d u k v = 1. If u = 0 or v = 0, the first equation implies that (u, v) = (0, 0), which is not allowed; hence uv = 0, and by (10) we have u > 0. Since u and v are coprime, the equality d
As k ∈ C 10 (x), it follows that u = 1. Then, as d | k and d = k −v , we also have v = −1, d = k, and 0 = um + vn = m − n, so m = n. But this shows that 2 n k + 1 = p, which is not possible since 2 n k + 1 is a Carmichael number. This contradiction establishes our claim that G = 0.
Since p divides the numerator of G, using (9) we derive the bound
which is used below and in §2.5. We also need the following:
Lemma 2. Let
For x > x 0 , the Carmichael number 2 n k + 1 has no more than n 1/3 prime divisors p = 2
Proof. With the minor modifications outlined here, this result is essentially contained in [11, Lemma 7] . The underlying argument is fairly standard (see, for example, [6, 7, 12, 13, 18] ), although it relies on a quantitative version of the Subspace Theorem due to Evertse [16] , a bound of Pontreau [23] on the number of solutions to certain S-unit equations, and Baker's bound on linear forms in logarithms (see [21] 
where the last inequality is a consequence of (12) . Note that
From (11) we obtain the congruences
We claim that G = 0. Indeed, suppose on the contrary that G = 0. Then r = 0 (since d is odd), q is odd, and k = d q . As k ∈ C 10 (x), q = 1. But this implies that d = k and n = mq + r = m, hence 2 n k + 1 = p, which is impossible since 2 n k + 1 is a Carmichael number. This contradiction establishes our claim that G = 0.
Since p divides G, using (13) and (14) we derive the bound
We also have the lower bound
Then, taking into account the fact that V 1 + V 2 = G, the inequalities (15) and (16) together imply that
Taking into account the bound (5) 2 and s 1.1 log 2 x (since k ∈ N 1 (x)), we see that 100µ 2 s 5400 log n (log 2 x) 5 log n 3 ln 2 − 1 (x > x 0 ).
Putting everything together, it follows that the Carmichael number 2 n k + 1 has at most t 1 t 2 + O(log 2 x) ( 
The final argument
We continue to use notation introduced earlier.
Put z 2 := log 4 x , and let C 11 (x) be the set of numbers k ∈ C * 10 (x) such that q 2 | k for some q > z 2 . For any such q the number of k x cannot exceed x/q 2 ; summing over all q we have
thus, C 11 (x) is a negligible set. Next, let C 12 (x) be the set of k ∈ C * 11 (x) with the property that there is a prime q such that q z 2 | k. For any such q the number of k x does not exceed x/q z 2 . Also, since z 2 > 2 for x > x 0 and k ∈ C 11 (x), it follows that q z 2 . Consequently,
hence, C 12 (x) is negligible. Finally, we put C 13 (x) := C * 12 (x). To complete the proof of Theorem 1 it is enough to show that C 13 (x) is negligible. We begin by noting that for every k ∈ N 1 (x) the bound
holds whenever 2 n k +1 is Carmichael; in fact, it is an easy consequence of (2) since τ (k) (log x) 0.8 (by (5)) and ω(k) Ω(k) 1.01 log 2 x. In particular, for every k ∈ C 13 (x) there exists n ∈ [X 2 , K 1 ] such that 2 n k + 1 is a Carmichael number. The interval [X 2 , K 1 ] can be covered with at most O(log K 1 ) = O((log x) 4 ) intervals of the form [a, 2a). Thus, if we denote by C 13 (a; x) the set of k ∈ C 13 (x) such that 2 n k + 1 is a Carmichael number for some n ∈ [a, 2a), we have
hence it suffices to show that max
From now on, we work to prove (17) . Now, fix a ∈ [X 2 , K 1 ] and k ∈ C 13 (a; x), and let n ∈ [a, 2a) be such that N := 2 n k + 1 is Carmichael. Let P denote the set of prime divisors
Since every prime p | N satisfies (12) , and |P| n 1/3 by Lemma 2, we have
Put s := log 2 x and z 3 := (log x) 0.9 . We split the prime factors of B into three sets according to the following types: Our approach is to show that primes of type I are small, whereas primes of type II are few in number. As for primes of type III, there may be many for a given k; however, we show that there are only a few such primes on average, and this is sufficient to finish the proof. 
Our goal is to show that (19) holds for every type I prime. Assuming this result for the moment and using (5), we derive the bound
Now suppose that p := 2 m d + 1 is of type I with m > a 1/3 , and let k 1 , . . . , k s and n 1 , . . . , n s have the properties described in (i). We claim that there are two numbers k j , say k 1 and k 2 , for which there exists a prime q dividing k 2 but not k 1 ; in particular, since d divides each k j , q does not divide d. Indeed, suppose on the contrary that every k j is divisible by the primes q 1 . . . , q t , which we order by q 1 < · · · < q r z 2 < q r+1 < · · · < q t with 0 r t. Since k j ∈ C 11 (x) ∪ C 12 (x) for each j, it follows that
(1 i r, 1 j s).
As s cannot exceed the number of all such factorizations, we have (using the bound π(u) 2u/ log u for all large u)
which is impossible for x > x 0 . This contradiction proves the claim. Next, we apply a three-dimensional analogue of the argument used in §2.4 to derive the inequality (12) .
Put 3 such triplets (u, v, w), it follows that there exist (u 1 , v 1 , w 1 ) = (u 2 , v 2 , w 2 ) for which
, and note that max{|u|, |v|, |w|}
In view of the congruences
we have 2
We claim that G = 0. Indeed, suppose on the contrary that G = 0. Since dk 1 k 2 is odd, it follows that um + vn 1 + wn 2 = 0, u + v + w is even, and
Since there is a prime q that divides k 2 but neither k 1 nor d, it follows that w = 0, and therefore
However, by the arguments of §2.4 we see this relation is not possible unless (u, v) = (0, 0); but this leads to (u, v, w) = (0, 0, 0), which is not allowed. We conclude that G = 0. Since p divides the numerator of G, using (21) we derive the bound
Since p > 2 m , this establishes the promised result that (19) holds for every type I prime.
Case 2. Primes of type II.
We first observe that every prime factor p = 2
where we have used the fact that log n > log X 2 = log x log 2 x .
Let d be fixed and split the interval [0, M 4 ] into subintervals I j of length z 3 , where I j := [jz 3 , (j + 1)z 3 ) for j = 0, . . . , M 4 /z 3 . Every such I j contains at most 100 indices m for which p = 2 m d + 1 is a type II prime factor of 2 n k + 1; these primes clearly satisfy
Thus, for fixed d we have
Then, taking the product over all divisors d of k, we derive that
Finally, using (5) and the definitions of M 4 and z 3 , for all x > x 0 we have
hence we obtain the bound
Case 3. Primes of type III.
Combining the bounds (18), (20) and (23), we have
We now adopt the convention that for every k ∈ C 13 (a; x), the number n is chosen to be the least integer in [a, 2a) such that 2 n k + 1 is a Carmichael number. With this convention in mind, we use the notation B III (k) instead of B III to emphasize that this number depends only on k.
Multiplying the bounds (24) over all k ∈ C 13 (a; x), we get 2 (a/2)|C 13 (a;x)| k∈C 13 (a;x)
where we have used B a to denote the collection of type III primes that divide some B III (k) with k ∈ C 13 (a; x). Note that every prime in B a is repeated no more than s times since p is not of type I. 
Hence, to get an upper bound for the product in (26) , it suffices to find a uniform upper bound for D a .
Observe that, as the primes in B a are not of type II, every d ∈ D a,m has the property that 2 t d + 1 is prime for at least 100 values of t in the interval [m, m + z 3 ]. Let m be fixed, and let λ 1 < · · · < λ 100 be fixed integers in the interval [0, z 3 ]. We begin by counting the number of d x for which the 100 numbers 2 m+λ j d + 1 : 1 j 100 are simultaneously prime. By the Brun sieve, the number of such d x is
using the well known bound u/ϕ(u) log 2 u we have
Hence, for fixed λ 1 < · · · < λ 100 the number of possibilities for d is O x(log 2 x)
100
(log x) 100 .
As the number of choices for λ 1 , . . . , λ 100 in [0, z 3 ] is (z 3 + 1)
(log x) 90 , it follows that
(log x) 10 .
Consequently,
and we have
Inserting estimate (27) into (26), and combining this with (25), we see that
2
(a/2)|C 13 (a;x)| 2 axs/(log x) 8 , and therefore
Since this bound clearly implies (17) , our proof of Theorem 1 is complete.
Proof of Theorem 2
The following statement provides the key to the proof of Theorem 2. In the recent preprint [29] , Wright extends the previous theorem to remove the condition on b being a quadratic residue modulo m. Precisely, he showed (under gcd(b, m) = 1) that the number of Carmichael numbers up to x that are congruent to b mod m is x K (log 3 x) 2 , for some constant K > 0. Using this result would allow a somewhat easier approach to the problem, but we prefer to use Matomäki's Theorem 4, since it gives a better lower bound for the count.
The next proposition illustrates our approach to the proof of Theorem 2.
Proposition 1. For all large x, there are x 1/5 natural numbers up to x that are both Sierpiński and Carmichael.
Proof. In view of Theorem 4, to prove this result it suffices to find coprime b, m such that b is a quadratic residue mod m, and every sufficiently large number in the arithmetic progression b mod m is a Sierpiński number.
Suppose that we can find a finite collection C := {(a j , n j ; b j , p j )} N j=1 of ordered quadruples of integers with the following properties:
(i) n 1 , . . . , n N are natural numbers, and p 1 , . . . , p N are distinct primes;
(ii) every integer lies in at least one of the arithmetic progressions a j mod n j ; (iii) p j | 2 n j − 1 for each j;
(v) b j is a quadratic residue mod p j for each j.
Put m := p 1 · · · p N , and let b ∈ Z be such that b ≡ b j (mod p j ) for each j.
Since p 1 , . . . , p N are distinct primes, is clear from (v) that b is a quadratic residue mod m. Let k be an arbitrary element of the arithmetic progression b mod m that exceeds max{p 1 , . . . , p N }. For every n ∈ Z there exists j such that n ≡ a j (mod n j ). For such j, using (iii) and (iv) one sees that p j | 2 n k + 1, hence 2 n k + 1 is composite since k > p j . As this is so for every n ∈ Z, it follows that k is Sierpiński.
To complete the proof of the theorem it suffices to observe that 
Furthermore, assume that Arguing as in the proof of Proposition 1 we see that every sufficiently large number in the arithmetic progression b mod m is both Sierpiński (using (iii) and (iv)) and Riesel (using (viii) and (ix)). Hence, to prove the theorem it suffices to exhibit collections C and C with the stated properties. For this, we take C to be the collection listed in (28) , whereas for C we use the collection disclosed in the Appendix.
Proof of Theorem 3
Let us now suppose that N := 2 n k + 1 is Lehmer. We can clearly assume that n 150 log k, and by Wright [28] we must have k 3; therefore, 1 ω(k) log k log 3 < n 150 .
Since every Lehmer number is Carmichael, we can apply the following lemma, which is a combination of [11, Lemmas 2, 3, 4] . (ii) if d > 1 and the numbers 2 m d and 2 n k are multiplicatively dependent, then p < 2 n/3 k 1/3 + 1;
(iii) if d > 1 and the numbers 2 m d and 2 n k are multiplicatively independent, then m < 7 √ n log k.
Moreover, N has at most one prime divisor for which (ii) holds.
Let A 1 , A 2 , A 3 respectively denote the product of the primes p | N for each possibility (i), (ii), (iii) in Lemma 3. If A 1 > 1 and p = 2 2 α + 1 is the largest prime dividing A 1 , then we have
and clearly Lemma 3 implies that 
Combining (30), (31) and (32), it follows that
n/3+1+(7 √ n log k+1)ω(k) k 16/3 .
Taking the logarithm and using the inequalities of (29) we derive that n n 3 + 1 + 7 n log k + 1 ω(k) + 13 log k 3 ln 2 n 3 + 7 n log k ω(k) + 19n 450 ln 2 , and it follows that n 49 2 3 − 19 450 ln 2 −2 ω(k) 2 log k 150 ω(k) 2 log k as stated.
Appendix A
The collection C that is needed for our proof of Theorem 2 (see §3) consists of the quadruples (c j , m j ; d j , q j ) disclosed in the following tables. are all prime, and f (t) − 1 is divisible by 2t, 4t, and 6t.
